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XXIV. Bivariate Density and Distribution
Functions

Bivariate Density Functions

» We have two variables, for example:

Y1 := # of math units
Yy = # of CS units

» We have a bivariate density function

f(y1,y2) := students with y; math units
and yo CS units

These are the numbers of units that any given
student has taken. f gives the density of students
who have taken a particular combination of
numbers of units.

Properties of the Density Function

L. f(y1,y2) > 0.

Y1=00 Y2=00
2. / (1, 92) dyadyr = 1.
y

1=—00 Jyz=—00

« We can calculate probabilities:

a<Y1<bc<Y2<d)

y1=b
/ / I (1, y2) dys di
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« If discrete, change f to p, / to Z

You can’t have a negative number of kids with
any particular combination, and the total density
of kids is 1. [Graph.]

Bivariate Distribution Functions

o The bivariate distribution function is

Fy,y2) = PYhi<uy,Ys <o)

ti=y1 to=y2
/ / F(t1,ts) diy dt;.
t1 to

1. F(y1,—o0) = F(—00,y2) = 0, for all
Y1, Ya-
2. F(oo0,00) = 1.

« Properties:

Example 1

Consider the joint density function f(y1,y2) =
kys on the triangle with corners at (0,0), (0,1),
and (1,1). Find the value of k.
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y2=1 pry1=y2 yo=1 _
/ kys dyy dy, =k / Yiy2ly—o dy2
y2=0 Jy1=0 y2=0
y2=1
=k / Y5 dys
y2=0
k - k
= —_ yg y2_1 = - = ]_
3 2le=0"3

ko= [3]

Example 11

As in Example I, consider the joint density
function f (y1,y2) := 3y2 on the triangle with
corners at (0,0), (0,1), and (1,1). Find

(L)
32
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(Graph.)
11 1 1
Fl-=- = = PlYi<=Y, <=
5D - rreine
V=% [y2=%
:/ / 3ya dys dy
y1=
3 1=

0 Y2=Y1
1
3

Y 2 yz—l
_ = =3
= 2/ . Ya I dy

3/1 1 ,\|"7
= 2 (3],
3 (1 1
) <E - ﬁ)
3 (1 1
) <§ - 5_4)
27 —4 23

Example III

As in Example I, consider the joint density
function f (y1,y2) := 3y, on the triangle with
corners at (0,0), (0,1), and (1,1). Find
P(2Y; < Ya).
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(Graph.)
y2=1 py1=%
P(2Y) <Y,) = / / 3y2 dyy dys
y2=0 Jy1=0

ve=t n=%
= 3 / Y1yely,—s dyo
Y

2=0
3/y2=1 )
= 3 Y5 dyo
2 y2=0 ?
_o L e |1
- §y2 y2=0 5
Example IV

Consider the joint density function

f(3/1>y2) — o (y1ty2)

on the region y; > 0, y» > 0. Find
P(Y; €2,Y; > 3).
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(Graph.)
Yy2=00  ry1=2
P(Y1<2,Y,>3) = / / e~ W) dyy dy,
Y Y

Y2=00 y1=2
= / e / e dy dys
Y2=3 y1=0

Ya=00 -
— —y2 (o~ |91
/y e ( e ) 10 dys

2=3
Y2=00
= (1—6_2>/ e 2 dys
y2=3
= (1—-e2) (—e™) [y
= (1-¢e2)(e?)
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Example V

Consider the joint density function

f(yuyg) = e*(leryQ)

on the region y; > 0, y» > 0. Find
P(Y1+Y, <2).
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(Graph.)

y1=2 pry2=2-1y
Y

2=0

y1=2 Y2=2—y1
= [ e [ e dnay
y1=0 y2=0

y1=2 ya=2—y

— —Y1 (_ —y2) |¥2=27 UL

/ € € ) y2=0 dy]'
y1=0

y1=2

eV (e 4 1) dy,

|
T~

y1=0
Yy1=2
(—672 + e*yl) dy

Il
ST

1=0
~ Cempmemp

— 2’ —e 24 0+1=|1—3¢">~0.594 = 59.4%




